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ABSTRACT 

/ 

A s e l f  c o n s i s t e n t  f i e l d  t y p e  p e r t u r b a t i o n  t h e o r y  is d e v e l o p e d  t o  t rea t  t h e  

d y : ~ a m i c s  of s t a t i o n a r y  and  homogeneous t u r b u l e n c e .  The method c o n s i s t s  i n  e x -  

p n d i i 3 g  t h e  f u l i  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  a b o u t  t h e  p r o d u c t  o f  e x a c t  

singl?-node d i s t r i b u t i o n s .  

s i ons  f o r  t h e  t u r b u l e n t  e n e r g y  s p e c t r u m  a n d  a s s o c i a t e d  r e s p o n s e  f r e q u e n c i e s .  

i:ie r e s u l t s  f o r  t h e  e n e r g y  s p e c t r u m  are i d e n t i c a l  to a s i r n p l i f i s d  f o r n  o f  t h e  

The t h e o r y  is u s e d  i n  s e c o n d  order t o  f i n d  e x p r e s -  

C .  

d i r e c t  i n t e r a c t i o n  a p p r o x i m a t i o n  of K r a i c h n a n ,  a n d  c l o s e i y  resemble t h e  r e s u l t s  

of t h e  g e n e r a l i z e d  random phase approximation of Edwards. The relation of tr.e 

p r e s e n t  method t o  b o t h  t h e  a b o v e  a p p r o a c h e s  i s  d i s c u s s e d ,  



T h e  s t a t i s t i c a l  t h e o r y  o f  t u r b u l e n c e  i s  u s u a l l y  t r e a t e d  i n  terms of t h e  

! ie i rnrci . iy  of moment e q u a t i o n s  formed by m u l t i p l y i n g  t h e  e q u a t i o n  0) n o t i o n  by 

p r o d u c t s  of t h e  v e l o c i t y  f i e l d  and  a v e r a g i n g  t h e  r e s u l t s  o v e r  on ensemble  of 

realizable flows. The e q u a t i o n s  f o r  moments of d i f f e r e n t  o r d e r  are cor ;p led  

tog , e the r  b e c a u s e  of t h e  n o n l i n e a r i t y  i n  t h e  e q u a t i o n s  of n o t i o n ,  and  t o  o b t a i n  

a c losed  s e t  of e q u a t i o n s  i t  i s  n e c e s s a r y  t o  m a k e  somt- s t a t i s t i c a l  or dynain ica l  

a s s u n p t i o n  a b o u t  t h e  flow. An a l t e r n a t i v e  a p p r o a c h ,  and  one which  h a s  S O  far 

n o t  been  much u s e d ,  i s  t o  s t u d y  d i r e c t l y  t h e  f u l l  p r o b a b i l i t y - d i s t r i b u t i o n  o f  

tile sys t em.  The p r o b a b i l i t y - d i s t r i b u t i o n  f u n c t i o n  s a t i s f i e s  a l i n e a r  e q u a t i o n ,  

and t h e  c l o s u r e  problem met w i t h  i n  t h e  moment method i s  n o t  e x p l i c i t l y  e n -  

c o u n t e r e d .  

The a p p r o a c h  d e s c r i b e d  i n  t h e  p r e s e n t  p a p e r  i s  t o  r e d u c e  t h e  e q u a t i o n  for  

t h e  f u l l  p r o b a b i l i t y  d i s t r i b u t i o n  t o  e q u a t i o n s f o r  s i n g l e  mode p r o b a b i l i t y  a i s -  

t r i b u t i o n s  by means of a s e l f - c o n s i s t e n t - f i e l d  t y p e  c a l c u l a t i o n  o f  t h e  i n t e r -  

a c t i o n  6-ieongst t h e  modes. The p r o c e d u r e  i s  similar t o  t h e  Hartree s e l f - c o n s i s t e n t  

f i e l d  c a : c u l a t i o n  i n  quantum m e c h a n i c s  e x c e p t  t h a t  i n  t h e  t u r b u l e n c e  problem 

t h e  a n a i a g  of t h e  s i n g l e  mode p o t e n t i a l  v a n i s h e s ,  so t h a t  t h e  s e l f - c o n s i s t e n c y  

r e q u i r e m a n t  i s  of h i g h e r  o r d e r .  The p e r t u r b a t i o n  e x p a n s i o n  d s r i v e d  h e r e  i s  one  

I 
~ rr, which  t h e  z e r o t h  o r d e r  term i s  a p r o d u c t  o f  t h e  e x a c t  s i n g l e - m o d e  d i s t r i b t i -  
I 

t i o n  f u n c t i o n s .  H i g h e r  o r d e r  terms c o n t a i n  the multi-mode c o r r e l a t i o n s  i n d u c e d  

by t h e  t u r b u l e n t  i n t e r a c t i o n s ,  b u t  c o n t a i n  e x p l i c i t l y  no terms c o n t r i b u t i n g  t o  

t h e  p r o d u c t  of single-mode d i s t r i b u t i o n s .  
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L 

The. m e t h o d  -?resented here is re lated t o  bo th  the d i rec t - ic te izc t icz  

G?~roximt ion  of Krnich8.n <$ * 
ap2roxization of Sdwaras\w 

a?pox i ix t ion  are the wave number spectnua of 'kinetic energy and tLa t a c -  

and the g e n e r a l i z e d - ~ ~ a o ~ - ~ ~ s ~  
1, 9 

Tine basic ingre&.ents of tLe ciircct f ~ t c r ~ c : i ~ c  
/ 

correlation and response functions of the Fourier nioaes. 

s i s t e z t '  f i e l d  equations obtained here a re  ident ica l  with a s iq1 i f l eC :om 

of t h e  i i r e c t  interact ion equations i n  which the t ize-correlat ion azii 

res?oLse functions a re  approxirated by exponential t i n e  dependence,asL 

*&e respmse and correlation times for a given Tourier mocie are ass-xmi 

to 3 e  e q n l .  

res2onse t h e  of tiie 3ourier moaes. 

*Le p o b a b i l i t y  dis t r ibut ion based on a Fokker-Zmick type ctaracteriz&tlcz 

of t h e  turbulence dynamics. 

eLsra-s?ectru;n and response t ines .  

:Le 2resenz; theory. 

of Zcixards 

The sel€-cos- 

The final equations then lnvolve the e n e r g y - s s c t m  ma t C s  

Edwarcis proposes ar e x s r s i o r  0;' 

The final equatiors a l so  irivolve ~ l l l y  the 

Tney d i f f e r  s l i gh t ly  frm t h s e  of 

%e relationship between the preeent t i ieor j  uc that 

is d i s c u s s e d  in Section IV. 

I 

. 
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A .  Ttic Er iun t ions  of  Mot ion  f o r  Xsotropic T u r b u l e n c e  
/ 

The S n v i e r - S t o k e s  e q u a t i o n s  f o r  an  i n c o m p r e s s i b l e  v i s c o u s  f l u i d  are 

v .v  = 0 . 
b 

i n  ( y o ) ,  v i s  t h e  k i n e m a t i c  v i s c o s i t y ,  v i s  t h e  v e l o c i t y  f i e l d ,  p i s  t h e  

( c o n s t a n t )  f l u i d  d e n s i t y ,  p i s  t h e  p r e s s u r e  f i e l d ,  a n d  F i s  n p o s s i b l e  s o l e n o i d a l  

e x t e r n a l  d r i v i n g  f o r c e .  

( - , a ) ,  ic t h e  l i m i t  of  a n  i n f i n i t e  medium, s u c h  t h a t  t h e  p r e s s u r e  f i e l d  b e c o , e s  

c o n s t a n t  a t  s p a c i a l  i n f i n i t y .  

H 

We s h a l l  b e  i n t e r e s t e d  i n  t h e  s t o c h a s t i c  p r o p e r t i e s  of 

I t  i s  c o n v e n i e n t  to  rewrite ( i a )  i n  t h e  f o l l o w i n g  wav. F i r s t  i n t r o d u c e  

t h e  F o u r i e r  t r a n s f o r m  of: ( L ,  t )  d e f i n e d  by 

Then l e r  X n ( t )  ( ~ i = l ,  2 ,  ...) d e n o t e  t h e  real a n d  i m a g i n a r y  p a r t  of all t h e  v ( k , t ) .  
- I  

The i n d e x  n l a b e l s  b o t h  t h e  wave number k ,  a n d  t h e  v e c t o r  i n d i c e s  of & i n  a n y  

c o r . v e n i e n t  f a s h i o n .  

- 
The X ( t ) ' ~  s a t i s f y  t h e  f o l l o w i n g  e q u a t i o n  : 

n 

d t. f ,  x -  ' M Xp Xq + Fn , 
\ d t  + Vn/ n - L npq 

Pq 

i n  e q u a t i o n  ( l b j ,  t h e  pressure f i e l d  h a s  been e l i m i n a t e d  by u s i n g  the i nco rnpres -  

s i b i l i t y  c o n d i t i o n .  The d e t a i 1 e d : s p e c i f i c a t i o n  of t h e  X i s  n o t  n e e d e d  for  
I npq  

wha t  follows. We n o t e  h e r e  a s e l e c t i o n .  r u l e  t h e y  s a t i s f y  a s s u r i n g  c p n s e r v a t i o n  

0; e n e r g y :  



. 
, 8 .  

- A -  

We t a k e  M t o  be symmet r i c  i n  t h e  last t w o  i n d i c e s ,  and  p u t  X 1 = 6 i f  a n y  t w o  "Pci 
i n d i c e s  a re  e q u a l .  

v c l o c i t y  f i e l d  v a n i s h e s .  The d r i v i n g  f o r c e  i n  (i) makes  s t a t i o n a r y  tu rbu :ence  

possible a g a i n s t  t h e  p r e s e n c e  o f  v i s c o u s  d r a i n .  T h e s e  f o r c e s  w i l l  be t a k e n  t o  

be n e g a t i v e  dampings  

T h i s  l a s t  c o n d i t i o n  means  t h a t  t h e  k = G a m p l i t u d e  of ti;e 

F = + w I n X n .  n 

B .  D e f i n i t i o n  of t h e  P r o b a b i l i t y  D i s t r i b u t i o n  F u n c t i o n  

-, i n e  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n ,  P ( X , ,  X 2  ... X . . . I t )  i s  d e f i n e d  n 

s u c h  t h a t  t h e  p r o b a b i l i t y  t h a t  the phase  o f  t h e  s y s t e m  (:) w i l l  be found  w i t h i r ,  

ti volume (dX, 

i t  s a t i s f i e s  an  e q u a t i o n  o f  c o n t i n u i t y  wh ich  i s  

... dX ,...) a r o u n d  ( X I ,  X 2 ,  ... X ...) a t  time t i s  P dXldXz. .  . . 
n n 

(E  + co> = VP, 

where  

a n d  



. I  

, 
I 

' ,  

For B d e r i v a t i o n  o f  e q u a t i o n  ( 3 ) ,  

Some d e f i n i t i o n s  w i l l  now be  

F i r s t  

where  

d e f i n e  

- 5 -  

see r e f e r e n c e  1 .  

made which  p r o v e  u s e f u l  i n  wha t  

t h e  one  mode d i s t r i b u t i o n s  by t h e  e q u a t i o n  , 

S e x t  d e f i n e  t h e  o n e  mode p r o j e c t i o n  of a n  o p e r a t o r  A ( X  a/aXj)  as i '  

w i  t n  

An o2erator  A w i l l .  b e  c a l l e d  a "one mode o p e r a t o r "  i f  i t  , s a t i s f i e s  

t h e  e q u a t i o n  

( A )  = A 



I i I. SELF cm SI STENT FIELD APPROXIMATION 

A .  D e s c r i p t i o n  of t h e  P e r t u r b a t i o n  Method and  I t s  R e s u l t s ’  

We s h a l l  be i n t e r e s t e d  o n l y  i n  t h e  s t a t i s t i c a l l y  s t e a d y  s o l u t i o n s  of ( 3 )  

*eo P = VP . 

To g a i n  a n  u n d e r s t a n d i n g  of t h e  me thod ,  c o n s i d e r  f i r s t  t h e  case i n  which  V=G. 

Then t h e  s o l u t i o n  f o r  P i s  a p r o d u c t  of s i n g l e  mode d i s t r i b u t i o n  P . 
2 does not h a v e  t h e  p r o d u c t  form b u t  can s t i l l  be  w r i t t e n  a s  

If V # 2, n 

P =  L P  c R ,  n n  

r;here t n e  P a re  tne e x a c t  s i n g l e  mode d i s t r i b u t i o n s .  n 

c o n t a i n s  a l l  t h e  mul t i -mode  c o r r e l a t i o n s  i n d u c e d  by t h e  t u r b u l e n t  i n t e r a c t i o n  v. 

Sote  t h a t  t h e  i n t e g r a l  of R a v e r  dR 

c o n t r i b u t i o n  t o  t h e  s i n g l e  mode d i s t r i b u t i o n s .  

c o n s i s t s  i n  o b t a i n i n g  a n  e x p a n s i o n  of R a b o u t  V = 0. 

The r e m a i n d e r  terrii, X ,  

rnust v ~ n i s h ,  and  c o n s e q u e n t i g  K makes n o  (4  
The p e r t u r b a t i o n  method t h e n  

To f a c i l i t a t e  t h e  q u a n t i t a t i v e  deve lopmen t  of s u c h  a n  e x p a n s i o n ,  i t  i s  

u s e f u l  t o  i n t r o d u c e  a n  o p e r a t o r  C, h a v i n g  t h e  f o l l o w i n g  p r o p e r t i e s  : 

c = c lln = (2) 

:7 :  

i f o r  a n y  w e l l - b e h a v e d  F. 



. * I  

E q u a t i o n  (8a) a s s e r t s  t h a t  I: i s  8 s i n g l e  mode o p e r a t o r ,  and ( 8 b ) . w i l l  aqsl1re 

t h e  c o n s e r v a t i o n  of p r o b a b i l i t y . l n  what f o l l o w s ,  I n  n d d i r i o n  to t i t  p r o v e s  

t ~ r ; a i u l  t o  i n t r o d u c e  one mode f u n c t i o n s  YK which  s a t i s f y  
b 

1 

d = o ,  

5 
Z n P  where  P' = 

Sate  t h a t  t h e  p r o p e r t i e s  p r e s c r i b e d  

by lo, 

b y  (8) for 1: are g l s o  p o s s e s s e d  

5 - LO and P' -. ? as Hence i t  is c o n s i s t e n t  to r e q u i r e  t h a t  

<-. 0 .  

Sow i n t r o d u c e  L i n t o  (38) to  o b t a i n  

LP =' (L - Lo + v) P 9 

The formal s o l u c i o n  to  (9 )  may be w r i t t e n  as  
I 

ir 

P = P  1: + n  I : .  , 

( 2 C )  

; 5 ;  

, 
\ 

i4 ,u; - '  

The f i r s t  term i n  (10) i s  t h e  s o l u t i o n  t o  the hornogenuous s y s t e r ,  ( 8 c ) .  

T h e ' t e r m  2' is e v e l u a t e d  i n  s e c t i o n  (IIIb). IC d e p e n d s  on C, Go and V 

as well as t h e  P . c 
n 

:\ 



v '  
' L  

'rile program f o r  t h e  p e r t u r b a t i o n  method may now b e  g i v e r ,  core 

\ : w n t i t n t i v e  form. F i r s t ,  f i n d  nn o p e r a t o r  1: wnich  s a t i s f i e s  c o n d i t i o a . ;  

Once t h i s  h a s  been  d o n e ,  t h e  s e c o n d ; t e r m  ir, ( s j  such t h a t  n 

(IO), R' , is i d e n t i c a l  t o  t h e  r e m a i n d e r  R i n  (7 ) ,  so  t h a t  R i s  now 

known i n  terms of 1: a n d  v, The f i n a l  s t e p ,  y g . e a i v i  the  pi?p.U-bL<,;Gr. 

ser ies  i s  t o  expand  R a b o u t  v = 0. 

P' E i? 

. 

The r e s u i t s  of the  p e r t u r b a t i o n  method f o r  $ a n d  P are as f o l l o w s :  

' + ( V $ V $ V ) i V )  + ( v l  V'("L,)) E f f  

L P S = O  

+ ... I 

A -  
s -  
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L 

T h e  o p e r a t o r  1/$ i n  (;;a) a n d  ( l l c )  i s A t h e  i n v e r s e  t o . t h e  n o n - s i n g u i a r  p a r t  o f  J .  

I t s  c i c f i n i t i o n  i s  g i v e n  ( 1 ~ ) .  

i 
E q u a t i o n s  ( l l a )  a n d  ( I l b )  c o n s t i t u t e  a p a i r  of e q u a t i o n s  f o r  the  j o i n t  d o t e r -  

m i n e t i o n  o f  2 a n d  €' . 
t h a t  ( i : a )  a n d  ( l l b )  are c o u p l e d  t o g e t h e r  i n  a s e l f - c o n s i s t e n t  manner .  

and  P 

t h a t  terms of o r d e r  h i g h e r  t h a n  P' make n o  c o n t r i b u t i o n  t o  t h e  s i n g l e  mode P . 
On t a k i n g  t h e  o n e  more a v e r a g e ,  terms odd i n  V v a n i s h  by symmetry ,  w h i l e  t he  

The one-mode p r o j e c t i o n s  i n  ( l l a )  a r e  i n t e g r a l s  o v e r  P 5 0  n n 

Once I 
I1 

a r c  d e t e r m i n e d ,  P i s  t o  be found f rom ( 1 1 c ) .  Wi th  regard t o  ( ? : c ) ,  n o t e  n 

n 

terms of a n y  e v e n  o r d e r  i n  V c a n c e l  amongs t  t h e m s e l v e s .  

'p ihe term " o r d e r  of pe r tu r tYa t ion"  i s  u s e d  h e r e  t o  d e n o t e  t h e  e x p l i c i t  n i m b e r  

o f  i f - o p e r a t o r s  o c c u r i n g  on t h e  r i g h t  hand s i d e  o f  ( ; ; a )  a n d  ( 1 ; b ) .  

t h e  p e r t u r b a t i o n  s e r i e s  a t  a n y  f i n i t e  o r d e r  a c t u a l l y  r e t a i n s  i n f i n i t e  powers  of 

V b e c a u s e  of t h e  n o n l i n e a r i t y  of ( l l a ) .  

T r u n c a t i o n  of  

The e q u a t i o n s  f o r  t h e  i n t e n s i t i e s  @ r< Pn d s  may be o b t a i n e d  f rom ec;ua- n .  

t i o n s  (118) a n d  ( 1 : b ) .  To s e c o n d  o r d e r  t h e s e  a re  

where 



Tile d e r i v a t i o n s  o f  e q u a t i o n s  (71) a n d  (12)  f o l l o w  i n  s e c t i o n  ( I Z I b ;  and ;:I:C; 
r L  

r e s p e c t i v e l y .  

n:id Liward,w. 

th ro lgh  tiie d e r i v a t i o n ,  

The r e l a t i o n  o f  t h e  p r e s e n t  method t o  t h o s e  of K r b i c h  niin \G d ,' 1 

i. are  discussed i n  section I V ,  which may be read wl thout  z;oing 

a .  D e r i v a t i o n  of t h e  P e r t u r b a t i o n  Method.  

1: Our immedia t e  g o a l  i s  t o  f i n d  a n  o p e r a t o r  2 s a t i s f y i n g  (8)  such  t h a t  2, = 2 . 
n 

To t h i s  e n d ,  rewrite (9 )  as 

P = P  e ( e  - .c, + v i  P ,  

where  

PL = li P! ( x . ) .  
J J  

E q u a t i o n  ( j 3 )  i s  a n  i n t e g r a l  e q u a t i o n  for  P .  Ti ,e  f i r s t  t e r a  i s  t h e  s o l u t i o r .  t o  

t h e  homogeneous  e q u a t i o n  ( 8 c ) .  The second term n e e d s  sone comment sir,ce t:;e 

G r e e n ' s  o p e r a t o r  i/$ h a s  n o t  y e t  been  d e f i n e d .  Some c t i u c i o n  i s  n e c e s s a r y  i n  i t s  

d s f i n i t i m  in v i e w  or' t h e  f a c c  t h a t  $ h a s  zero as o n e  o f  i t s  e i g e n v a l u e s  as  i s  

i m p i i e d  by ( 8 ~ ; .  

L e t  t h e  e i g e n v a l u e s  of  J be d e n o t e d  by X i ,  a n d  t h e  c o r r e s p o n d i n g  eiger . func-  

t i o n s  by y i .  

t h a t  t h e  assoc ia te  e i g e n f u n c t i o n  i s  P . The e i g e n f u n c t i o n  y .  t o g e t h e r  w i t h  t h e  

a d j o i n t  f u n c t i o n  7. are  assumed t o  form b i o r t h o n o r m a l  se t  i n  terms o f  wh ich  a n y  

i n t e g r a b l e  f u n c t i o n  f(X1 ... X, . . )  may be expanded :  

Note t h a t  (8c)  i m p l i e s  t h a t  o n e  of t h e  h i ,  A , ,  s ay ,  i s  zero ar;d 

1: 
A '  

1 
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Y where  

N 

Here Yn 

s-' by t h e  e q u a t i o n  

are e i g e n f u n c t i o n s  o f  t h e  o p e r a t o r  a d j o i n t  to c. Now d e f i n e  
L 

f o r  a n y  f u n c t i o n  f .  

t h a t  P as g i v e n  by  (13) s a t i s f i e s  (9) p r o v i d e d  t h a t  

U s i n g  e q u a t i o n  ( l h ) ,  i t  may be v e r i f i e d  d i r e c t l y  

which is a c o n s i s t e n c y  c o n d i t i o n  t h a t  (9 )  h a s  a n o n t r i v i a l  s o l u t i o n  i n  

the form s p e c i f i e d  by  (13). I n  t h e  n e x t  s e c t i o n  it 1 s  shown t h a t  In 

h a s  t h e  g e n e r a l  fo rm 
l 

a .  

. -  

\ 
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where  An is a n o n s i n g u l a r  o p e r a t o r  (see e q u a t i o n  (29)). From t h i s ,  one 

n a y  show t h a t  PJ = 1 ,  a n d  h e n c e  t h e  c o n s i s t e n c y  c o n d i t i o n  i s  f u l f i l l e d .  
N 

1.. 'We now r e t u r n  t o  t h e  c o n s t r u c t i o n  of an equation for E. r i r s c ,  it 

is c o n v e n i e n t  t o  solve (13) formally b y  i t e r a t i n g  t h e  r i g h t  hand  s ida .  

There r e s u l t s .  

1 
P = P  + r T P t  

3 2  ) 

where 

. .  

1 
T = ( 2  - 5, + V) C (J - go + V)  r T  , 

Now r e q u i r e  t h e t  P' be e q u a l  t o  P . From (75) ,  i t  follows that n . n  

a s u f f i c i e n t  c o n d i t i o n  t h a t  t h i s  be 6 0 . i ~  

h e r e ,  t h e  s u p e r s c r i p t s  I * ' s p e c i f y  that the one  mode prsjectors ere with 
(. 

rr 'spect t o  t h e  f u n c t i o n  T, The first e q u a l l y  i n  (16) is o b t a i n e d  by 

.expanding t h e  d e n o m i n a t o r  i n  t h e  Co l lowing  T a y l o r  S e r i e s :  -. ." 
I 
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Tne s e c o n d  term h e r e  v a n i s h e s ,  by - ( 8 b )  s i n c e ' e a c h  term c o n t a i n s  factors 

of the Corm 

E q u a t i o n  (16) may be  r e w r i t t e n  i n  a more c o n v e n i e n t  form by u s i n g  ( 7 5 ) .  

a n d  t h e  f a c t  t h a t  P = Pn . The resul t  is f 
n 

Tne o p e r a t o r  2 i s  t o  be c h o s e n  c o n s i s t e n t . i w i t h  (8a) ,  (8b) ,  ( 8 c )  and  (17). n 

T h i s  i s  a c h i e v e d  by r e q u i r i n g  t h e  o p e r a t o r  i n  (17) t o  v a n i s h ,  a n d  

k e e p i n g  e q u a t i o n  @c ) as  e n  i n d e p e n d e n t '  c o n s t r e i n t :  

I 

i 
i 



b 
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I 

The s u p e r s c r i p t  1: has been  d r o p p e d  i n  (18) 8s  

The a b o v e  c h o i c e  o f  en t ~ U t O m a t i C a l l y  s a t i s f i e s  ( 8 c )  s i n c e  ( i 8 )  is o f  

t h e  form 

i t  i s . n o w  superfluous. 

J, 

a 
1, = A n a  

n 

a s  n a y  be v e r i f i e d  from t h e  d e f i n i t i o n s  of Eo, V, a n d  t h e  s i n g l e  mode 

p r o j e c t o r  On. 

. - The p e r t u r b a t i o n  s e r i e s  f o r  s - P,, i n  terms of V A V may be P 
f o u n d  i n  t h e  f o l l o w i n g  way. I n t r o d u c e  t h e  f o r m a l  s o l u t i o n  o f  T i n t o  

( 7 8 )  t o  o b t a i n  

where  

c 

S o l v e  t h i s  e q u a t i o n  for  A by i t e r a t i o n ,  u s i n g  A = 0 t o  i n i t i a l i z e  t h e  

right hand  s i d e .  

of V - V. The r e s u l t  i s  ( l l a ) .  F i n a l l y  &he  p e r t u r b a t i o n  ser ies  for 

P ( e q u a t i o n  l l c )  is o b t a i n e d  by i n t r o d u c i n g  (?la) i n t o  (15),  e x p a n d i n g  

Then e x p a n d  t h e  d e n o m i n a t o r  a n d  c o l l e c t  equaL p c w e r s  

i 
P 

T and  c o a l e s s i n g  e q u a l  powers Of v. 



To a s s e s s  t h e  meaning  o f  t h e  p e r t u r h a t i o n  s e r i e s ,  f i r s t  n o t e  t h a t  by 

r e q u i r i n g  ( T )  t o  v a n i s h ,  an e x p a n s i o n  has been  a c h i e v e d  i n  wh ich  the z e r o t h  

order  term i s  a p r o d u c t  of  t h e  e x a c t  s i n g l e  mode d i s t r i b u t i o n  E u v c t i o n s .  Higher 

o r d e r  terms r e p r e s e n t  p r o g r e s s i v e l y  more c o m p l i c a t e d  mul t imgde  c o r r e l a t i o n s .  

The c o n t r i b u t i o n  of a n y  o r d e r  ( N  > 0 )  t o  t h e  s i n g l e  mode Pn v a n i s h e s  i n d e -  

p e n d e n t  o f  a n y  o t h e r  o r d e r  of p e r t u r b a t i o n .  

We remark  h e r e ,  p a r e n t h e t i c a l l y ,  t h a t  e q u a t i o n s  (12)  are a n a l o g o u s  t o  

f o r m u l a s  f o r  t h e  s i n g l e  p a r t i c l e  p o t e n t i a l  i n  t h e  quantum many body t h e o r y .  

The tcrm ( v  i-' T) is t h e  a n a l o g u e  of  the' o p t i c a l  p o t e n t i a l  * . .  



. 
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C .  i l e r i v a t i o n  of t h e  Second Order P e r t u r b a t i o n  S o l u t i o n  f o r  ti;c 

I n t e n s i t i e s  a n d  Relaxation F r e q u e n c i e s .  

To s e c o n d  o r d e r  Jn i s  g i v e n  by 

'n n 

T n i s  p r o c e d u r e  e x t e n d s  t h e  a p p r o x i m a t i o n  method t o  t h e  n e x t  h i g h e r  o r d e r  

beyond t h e  Hartree s e l f  - c o n s i s t e n c y  r e q u i r e m e n t .  Such  a p r o c e d u r e  

a s s u m e s ,  a c c o r d i n g  t o  ( ?IC) t h a t  d e v i a t i o n s  of P from P' are a d e q u a t e L y  

r e p r e s e n t e d  by terms l i n e a r  i n  t h e  o p e r a t o r  V. 

E q u a t i o n  (19). may be expanded  a s  

. 
0 

ix  x 0 X X P P  - 
npq Zn 4 p q sn+' +J P P axn 

dX dX ? r  cn = 5:: -$ M 2  
P , 9  P 9  

I n  d e r i v i n g  (20), (8b) h a s  been  used  t o  r e d u c e  t h e  d e n o m i n a t o r s  f r o =  

sums over a l l  modes t o  sums o v e r  t h e  t r i a d  n ,  p a n d  q .  Also t h e  

symmetry  c o n d i t i o n  on M h a s  a l s o  been  u s e d .  An e q u a t i o n  for the  

i n t e n s i t i e s  @ may now be o b t a i n e d  f rom t h e  c o n d i t i o n  n I 

I 

~. . . . , _.^_ -..--- 
* 

- I -  
* *  
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I I 

/ 

Using (20) t h e r e  r e s u l t s  a f t e r  some p a r t i a l  i n t e g r a t i o n s  

where  

\ 
\ 

-, i n e  7 are  r e l a x a t i o n  f r e q u e n c i e s  d e s c r i b i n g  t h e  j o i n t  r e l s x a t i o n  of n?q 
t h e  modes n ,  p and  q by t h e  a c t i o n  of t u r b u l e n c e  and  v i s c o s i t y .  These  

m u s t  b e  e v a l u a t e d  to  make t h e  d e t e r m i n a t i o n  of 0 c o m p l e t e .  y o  t h i s  and n 

c o n s i d e r  t h e  i n t e g r a l  

- .. . .  

- :\ 
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where  F i s  an a r b i t r a r y  f u n c t i o n  of X wh ich  v a n i s h e s  s u f f i c i e n t l y  

r a p i d l y  t o  make 1 f i n i t e .  Using (20) t h e r e  r e s u l t s  

n 

n 

r 
3 X n n n  ,E Fd ( X n )  dXn = - \ j ' X FbX n ) dX n 

r 
v n = v n -  ' - 4 ) N  M 

vn L "Pq Pnq 
where  

dX dX . .  

a n d  E X P P  
axn P 

E q u a t i o n  (22) i s  o b t a i n e d  f rom ( 2 0 )  by p a r t i a l  i n t e g r a t i o n ,  8nd by  n o t i n g  

t h a t , f o r  a n y  well b e h a v e d  f u n c t i o n  G ( X  ) n n  

s i n c e  

Now p u t  

JdX, .CnrCn (X,) = 0 i f  r f 0 ,  f rom (8~). 

i n t o  (22)  a n d  d e f i n e  

(22; . .  . 

, 
\ 



! 
i 
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I 

T h e r e  r e s u l t s .  

. . . 

or 

Using (241,  Vpq a n d  \,, may now be e v a l u a t e d  b y  e x p a n d i n g  the d e n o m i c a -  

t i o n  i n  T a y l o r  s e r i e s .  There resul ts  

, dX dX 
2- X P P  

@ q J  p q l : + s  axp 9 P 9 
. - - -  ’ r x x  - -  - 

P .  9 
“P9 

ap  

P ’  
dX i 

A f t e r  s’orne f u r t h e r  s t e p s  t h e r e  r e s u l t s  

Tlpq = VP + Tq,9 

I 

, 
.. - 



- 23 - 

and * simi l n r l y  

.. u s i n g  che above r e s u l t s  f o r  t h e  7 ' s  in (21) g i v e s  (728) and (12b) for 

\ 
\ 
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I V .  CCPlPi\klSU?l O F  PRESENT METHOD TO TfIAT O F  EDWI\RDS 

Tile p r e s e n t  w o r k  i s  r e l a t e d  t o  the d i r e c t  i n t e r a c t i o n  npproximaLioi i  of 

- .  7 7  1. 
h r n i c h n n n v ,  a n d  t h e  g e n e r a l i z e d  random p h a s e  a p p r o x i m a t  i o n  of ~ d ~ n r d s . ~ ~ / ~  

t i s  s t a t e d  i n  t h e  i n t r o d u c t i o n ,  o u r  r e s u l t s  a r e  i d e n t i c a l  t o  a s i n p l i f i c a t i o r i  of 

t h e  d i r e c t  i n t e r a c t i o n  e q u a t i o n s  i n  which t h e  r e s p o n s e  a n d  c o r r e l h t i o n  f u n c t i o n s  

a r e  a p p r o x i m a t e d  by  e x p o n e n t i a l  € u n c t i o n s  a n d  the r e s p o n s e  and  c o r r e i n t i o n  

times a r c  assumed to be e q u a l .  The g e n e r a l i z e d  random p h a s e  a p p r o x i m a t i o n  

g i v e s  r e s u l t s  i d e n t i a l  t o  ( 1 2 ) ,  e x c e p t  t h a t  t h e  d e n o m i n a t o r  Tip 

i s  r e p l a c e d  h y  TI 

d i f f e r e n c e .  We f i r s t  g i v e  a b r i e f  o u t l i n e  of E d w a r d ' s  a p p r o a c h .  

'1,q (ir i  i 2 b )  

I t  i s  of i n t e r e s t ,  to  s e e k  the r e a s o n  f o r  t h i s  + TlP + 9,. 
11 

Edwards  a s s u m e s  t h a t  t h e  s i n g l e  mode e q u a t i o n  i s  w ~ l l  a p p r o x i m a t e d  by a 

< 
F o k k e r - P l a n c k  e q u a t i o n  

where  

i 
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and  

n 

“n 
- -  - an-  

H e r e ,  Tn i s  a d y n a m i c a l  f r i c t i o n  c o e f f i c i e n t  and  K 

c o e f f i c i e n t .  T h e i r  e v a l u a t i o n  i s  mode t h r o u g h  an  e x a m i n a t i o n  o f  t h e  

e x a c t  form o f  t h e  f u l l  p r o b a b i l i t y  d i s t r i b u t i o n  P .  F o r  t h e  l a t t e r ,  

Edwards  i n t r o d u c e s  a p e r t u r b a t i o n  e x p a n s i o n .  The  e q u a t i o n  f o r  P i s  

an  e d d y  d i f f u s i o n  n 

w r i t t e n  i n  t h e  form 

Here, h i s  a n  o r d e r i n g  p a r a m e t e r  which i s  p u t  e q u a l  t o  u n i t y  a t , t h e  

e n d  of t h e  c a l c u l a t i o n .  A s o l u t i o n  f o r  P i s  s o u g h t  i n  t h e  fo rm 

and  t h e  P (r) are f o u n d  t o  be 

1. 
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. . .  

The i n t e n s i t y  n o r m a l i z a t i o n  on Pn i s  

a n d  t h e  same n o r m a l i z a t i o n  is imposed by  Edwards  on P n ( F ) .  T h e r e f o r e ,  
_. 

c o n t r i b u t i o n s  t o  @ f rom P( r )  for  r > 0 m u s t  v a n i s h .  Thus f o r  a n y  order 

o f  a p p r o x i m a t i o n '  N i t  is r e q u i r e d  t h a t -  

n. 

r=l 

The N t h  o r d e r  a p p r o x i m a t i o n s  f o r  K and  Tl are t o  be  c h o s e n  so a s  n n 

Edwards  o b t a i n s  e x p l i c i t  r e s u l t s  o n l y  f o r  the t o  c o n f o r m  t o  (27).  

s e c o n d  o r d e r  a p p r o x i m a t i o n  a n d  t h e  r e m a i n d e r  of t h e  p r e s e n t  d i s c u s s i o n  

i s  c o n f i n e d  t o  t h i s  o r d e r .  One more c o n d i t i o n  i n  a d d i t i o n  t o  (27) i s  

n e c e s s a r y  t o  make d e t e r m i n e t e  e q u a t i o n s .  The a d d i t i o n a l  c o n d i t i o n  i s  

imposed  on K . 
a p p r o p r i a t e  f o r  d e s c r i b i n g  t h e  a c t i o n  o f  t h e  t u r b u l e n t  f o r c e  C M 

on t h e  mode X i f  t h i s  f o r c e  were c o m p l e t e l y  GaUSSi8n. 

I t  is r e q u i r e d  t h a t  Kn h a k  the fo rm which  wou ld  bs 
> n  

X X 
npci 2 9 

n 

(27) 



-?' 
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To s e c o n d  o r d e r  and  Kn a r e  c h o s e n  a c c o r d i n g  t o  n 

an  d 

i 

E q u a t i o n  ( 2 8 8 )  is v e r y  similar t o  (19);  t h e  s e l f - c o n s i s t e n t  f i e l d  

method r e q u i r e s  t h e  o p e r a t o r  i t s e l f  t o  v a n i s h ,  w h i i e  (28a) r e q u i r e s  

t h e  p r o d u c t  of t h e  o p e r a t o r  w i t h  P t o  v a n i s h ,  C o n d i t i o n s  ( 2 8 )  l e a d  n 

t o  8 c h o i c e  o f  T 

o n l y  d i f f e r e n c e  i s  t h a t  i f  ( 2 8 )  is u s e d  t o  o b t a i n  t h e  i n t e n s i t i e s .  

9, t h e n  t h e  d e n o m i n a t o r  r\ t 

and  @ n n = K n / q n  v e r y  close to  ( 1 2 a )  and  (12b). The 

i n  (12b) is r e p l a c e d  by Tin + i; + nq. 
? P q  

We are now i n  a p o s i t i o n  t o  meke a c o m p a r a t i v e  s s s e s s m e n t  of t h e  

t w o  m e t h o d s .  F i r s t  w i t h  r e g a r d  t o  t h e  g e n e r a l i z e d  random p h a s e 6 p p r o x i -  

m a t i o n ,  i t  i s  to  be n o t e d  t h a t  t h e  c h o i c e  of I, and  K n  p r e s c r i b e d  by ( 2 8 )  

is n o t  u n i q u e .  I n  p r i n c i p l e  t h e r e  are any  number o f  K ' s  a n d  7 ,  ' s  

s a t i s f y i n g  (27) which  may be  u s e d .  

on t h e  i d e a  t h a t  t h e  t u r b u l e n t  . f o r c e  i s  close to  G a u s s i a n ,  a n d  t h a t  che 

n- h- 

The c h o i c e  g i v e n  by (28) i s  b a s e d  

F o k k e r - P l a n c k  e q u a t i o n  i s  well  s u i t e d  t o  t h e  d e s c r i p t i o n  of t h e  s t o c h a s -  

t i c  b e h a v i o r  o f  t h e  a m p l i t u d e s  
I 

Xne On t h e  o t h e r  h a n d ,  t h e  method 

\ 
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p r o p o s e d  i n  t h e  p r e s e n t  p a p e r  i s  u n i q u e ,  i n  t h e  s e n s e  t h a t  n o  dynamica l  o r  

s t a t i s t i c a l  a s s u m p t i o n s  are n e c e s s a r y  i n  d e t e r m i n i n g  t h e  form o f  t h e  o p e r a t o r  

2. The l a t t e r  i s  e n t i r e l y  d e t e r m i n e d  by the c o n d i t i o n  t h a t  t h e  z e r o t h  o r d e r  

term i n  t h e  p e r t u r b a t i o n  ser ies  be t h e  p r o d u c t  exact s i n g l e  mode d i s t r i b u t i o n .  
/ 

The form o f  8 i s  n o t  t h a t  o f  a e F o k k e t - P l a n c k  operator, as may be v e r i f i e d  from 

( 2 0 ) .  

A n o t h e r  d i f f e r e n c e  i n  t h e  two method's a p p e a r s  i n  t h e  roles  p l a y e d  by t h e  

o n e  mode d i s t r i b u t i o n  P i n  t h e  s e l f - c o n s i s t e n t  f i e l d  me thod ,  a n d  Pn ( F )  in 
n 

t h e  g e n e r a l i z e d  random p h a s e  method.  I n  t h e  l a t t e r ,  t h e  Pn ( F )  s e r v e  as  

a p p r o x i m a t i o n s  t o  t h e  e x a c t  s i n g l e  mode d i s t r i b u t i o n s  P n ,  

t e r m s  c o n t a i n e d  i n  h i g h e r  o r d e r s  o f  t h e  p e r t u r b a t i o n  ser ies  ( 2 6 ) .  On t h e  

The e x a c t  Pn h a v e  

o t h e r  n a n d ,  t h e  p r e s e n t  method employs  t h e  e x a c t  s i n g l e  mode d i s t r i b u t i o n s  as 

t h e  l e a d i n g  term i n  t h e  p e r t u r b a t i o n  ser ies  a n d ,  c o n s e q u e n t l y ,  n o  h i g h e r  o r d e r  

terms c o n t r i b u t e  t o  i t .  

I n  t h i s  c o n n e c t i o n ,  n o t e  a lso t h a t  i n  the  g e n e r a l i z e d  random p h a s e  

a p p r o x i m a t i o n  t h e  Pn (F) are s t r i c t l y  G a u s s i a n ,  w h e r e a s  i n  t h e  p r e s e n t  method 

t h e  Pn are t o  be computed  f rom t h e  s e l f - c o n s i s t e n t  se t  o f  e q u a t i o n s ,  ( I l a )  

a n d  ( l l b ) .  

n e c e s s a r y  t o  make a n y  e x p l i c i t  u s e  o f  t h e  form o f  Pn, e x c e p t  f o r  c o n t i n i ; i t y  and  

symmetry p r o p e r t i e s .  

m e t h o d ,  e v e n  t o  s e c o n d  order,  seems to  be a r a t h e r  d i f f i c u l t  t a s k .  However,  i n  

t h e  case i n  wh ich  t h e  t u r b u l e n c e  Is s p a t i a l l y  homogeneous s u c h  a ca!culstio::  

i s  u n n e c e s s a r y ,  b e c a u s e  i n  t h i s  case one  may a r g u e  t h a t  Pn i s  G a u s s i a n .  The 

G a u s s i a n  form o f  P i s  a c o n s e q u e n c e  o f  t h e  f a c t  t h a t  f o r  homogeneous t u r b u l e r , c e  

t h e  v e l o c i t y  f i e l d s  i n  d i s t a n t  regions of space are s t a t i s t i c a l l y  i n d e p e n d e n t .  

I n  d e r i v i n g  t h e  second  o r d e r  r e s u l t s  f o r  I$ a n d  'lh i t  was n o t  n 

The c a l c u l a t i o n  of  t h e  Pn by the G e l € - c o n s i s t e n t  f i e l d  

n 



The F o u r i e r  c o e f f i c i e n t s  of t h e  v e l o c i t y  f i e l d  are e f E e c t i v e l y  a sum OE i n d e -  

p e n d e n t  random v a r i a b l e s  and, by t h e  c e n t r a l  l i m i t  t heo rem hove G a u s s i a n  u n i -  

v a r i a t e  d i s t r i b u t i o n s .  The p r e s e n t  method c o n s i s t e n t l y  allows t h e  a s s u m p t i o n  
/ 

of G a u s s i a n  form to  be u s e d  i n  e v a l u a t i n g  E t o  a n y  f i n i t e  o r d e r ,  a n d  i n  a 

s u b s e q u e n t  c a l c u l a t i o n  a d e t e r m i n a t i o n  cf t h e  e n e r g y  s p e c t r u m  as  d e s c r i b e d  i n  

s e c t i o n  111 t o  be c a r r i e d  o u t .  

The s o l u t i o n  f o r  Pn h a s  n o t  been E u l l y  i n v e s t i g a t e d .  An i n t e r e s t i n g  

q u e s t i o n  h e r e  is w h e t h e r  i n  t h e  case of homogeneous t u r b u l e n c e  t h e  G a u s s i a n  

form i s  p r e s e r v e d  t o  f i n i t e  o r d e r s  of p e r t u r b a t i o n  t h e o r y .  

I 
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